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AbSTrAcT

The solar wind electrons observed at 1 AU are characterized by velocity distribution functions (VDF) that deviate from 
the Maxwellian form in a high energy regime. Such a feature is often modeled by a kappa distribution. In the present paper a 
self-consistent theory of quiet-time solar wind electrons that contain a power-law tail component, ,f v\ a-  is discussed. These 
electrons are assumed to be in dynamic equilibrium with enhanced electrostatic fluctuations with peak frequency near the 
plasma frequency (i.e., the Langmuir turbulence). In order to verify the theoretical prediction, the solar wind electrons in the 
high-energy range known as the super-halo distribution detected by WIND and STEREO spacecraft are compared against the 
theoretical model where it was found that the theoretical power-law index is intermittent with regard to the observed range of 
indices, thus indicating that the turbulent equilibrium model of suprathermal solar wind electrons may be valid.
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1. InTroducTIon

Observations of charged particles in the solar wind 
show that the velocity distribution functions (VDF) associ-
ated with these particles feature suprathermal components 
(Feldman et al. 1975; Gosling et al. 1981; Armstrong et al. 
1983). For a high energy regime these VDFs can be charac-
terized by a velocity power-law tail, .f v\ a-  In the literature, 
these non-thermal VDFs are often modeled by the kappa 
distribution (Vasyliunas 1968), ,f v v v1 1 T

2 2 1\ l+ l+^ ^h h6 @
where v T m2T

1 2= ^ h  is the Maxwellian thermal speed. Of 
course, the limit of " 3l  corresponds to the Maxwellian 
VDF. The kappa model facilitates the interpretation of ob-
servation, but it has no physical basis. Recently, however, 
it was realized that the kappa VDF corresponds to the most 
probable state in the non-extensive (or Tsallis) thermostatis-
tics (Tsallis 1988, 2009; Livadiotis and McComas 2009).

The non-extensive concept of space plasma VDF is 
an intriguing and profound idea that deserves a thorough 

examination (Tsallis 1988, 2009; Livadiotis and McComas 
2009, 2010, 2011). In the present paper, however, we do not 
explore this approach in any great depth. Instead, we shall 
discuss an alternative and perhaps inter-related concept of a 
quasi-stationary turbulent state. Such a state is characterized 
by charged particles and self-consistently generated turbu-
lence that are in stationary dynamic equilibrium. In plasmas 
the nature of wave-particle interaction is long-ranged, which 
causes correlations and impels the stationary states to devi-
ate from (thermal) equilibrium. Non-extensive statistical 
theory describes such a system. Such a connection between 
turbulent and non-extensive state has not been explored ex-
tensively but represents fertile ground for future research.

A turbulent quasi-stationary state is different from a 
Vlasov equilibrium, for in a Vlasov equilibrium the level of 
electromagnetic fluctuations is supposed to be infinitesimal. 
In contrast, a turbulent stationary state is characterized by a 
finite level of electromagnetic fluctuations. To discuss such 
a state, one must consider steady-state solutions for particle 
and wave kinetic equations in weak turbulence theory.
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Yoon et al. (2005, 2006) and Rhee et al. (2006) were 
the first to solve the self-consistent equations of weak turbu-
lence theory by numerical means and demonstrate that kap-
pa-like VDF associated with the electrons may form in the 
time asymptotic limit, as a result of self-consistent interac-
tion between the electrons and Langmuir turbulence. Their 
work thus implied that the kappa distribution of solar wind 
electrons might indeed correspond to the turbulent quasi-
equilibrium. These works are, however, based on a numeri-
cal initial value problem such that it is not evident whether 
the kappa-like final state obtained by numerical means does 
truly correspond to the asymptotic state or not. Moreover, 
the above papers considered simplifying one-dimensional 
(1D) situations only.

For these reasons, the issue of whether the equations 
of weak turbulence theory that describes the interaction of 
electrons and Langmuir turbulence lend themselves to as-
ymptotic steady-state solution in the mathematical sense, 
especially in higher dimensions, deserves a separate discus-
sion. Recently, Yoon (2011, 2012a, b) carried out such an 
analysis, and we shall briefly outline the basic idea in a sub-
sequent section.

In the present paper we present the essential findings 
related to the problem of self-consistent formation of elec-
tron kappa-like VDF by interaction with Langmuir turbu-
lence. We shall also present observational evidence on the 
basis of WIND and STEREO measurement made during 
quiet time near 1 AU, that shows that theoretical prediction 
of the velocity power-law index α is indeed consistent with 
actual solar wind superhalo electron observations.

The organization of the present paper is as follows: In 
section 2 we present the basic set of equations of weak tur-
bulence theory which describe the self-consistent interac-
tion of electrons and Langmuir/ion-sound turbulence. We 
present an example of how Langmuir turbulence and kappa-
like electron VDF develop in a quasi-asymptotic regime by 
considering an initial value problem of an electron-beam 
system. In section 3 we offer an overview for the theory 
of asymptotic steady-state solution of the weak turbulence 
theory. Such a solution represents the turbulent equilibrium 
for the electron-Langmuir wave system. Finally, in section 
4, we present an example taken from the solar wind where 
we show the quiet-time solar wind electron VDF. Upon 
comparison with theoretical prediction of velocity space 
power-law index and observed values, we find that the two 
are not inconsistent. Finally, section 5 concludes with final 
thoughts.

2. ELEcTron AccELErATIon by LAngmuIr 
SpEcTrum

The dynamics of the system of electron-Langmuir/
ion-sound turbulence is described by the equations of weak 
turbulence theory (Yoon et al. 2005, 2006), which first in-

volves the electron particle kinetic equation,
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where fe is the electron VDF (normalized to unity, d fv e =#
1), e and me are unit charge and electron mass, respectively, 
I L

k
v  represents the Langmuir turbulence spectral intensity. 

The familiar Langmuir wave dispersion relation is given by

k1 2
3L

pe Dek
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where ne m4pe e
2 1 2~ r= ^ h  is the plasma frequency, n being 

the ambient density and T ne4De e
2 1 2m r= ^ h  is the Debye 

length. The equation for Langmuir waves is given by
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where we have defined the quantity kn  
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The first term on the right-hand side of Eq. (3) de-
scribes the spontaneous and induced emissions. The second 
terms feature products of wave intensities involving Lang-
muir and ion-sound modes, and describe three-wave decay 
processes. The third term describes the scattering of Lang-
muir waves off thermal ions. The wave kinetic equation for 
ion-sound waves is given by
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In the above I S
k
v  represents the ion-sound wave inten-

sity and the ion-sound dispersion relation is given by
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The quantities I L
k
v  and I S

k
v  are defined via the total 

electrostatic field spectral wave energy densitites as
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The quantities, v , vl, vm  = ±1 designate the direction 
of wave propagation, plus/minus sign representing forward/
backward direction. Other quantities such as L

k~ l , L
k k~ - l ,  

S
k~ l , S

k k~ - l  simply denote Langmuir or ion-sound mode dis-
persion relations (2) or (6) with different wave vector argu-
ments.

In order to demonstrate the electron acceleration via 
Langmuir turbulence, let us consider the initial value prob-
lem in which the initial electron VDF is given by a Max-
wellian core plus a tenuous energetic beam distribution. We 
consider a one-dimensional (1D) situation for the sake of 
simplicity. We consider that the electron thermal speed as-
sociated with the core component and the beam component 
is the same but the beam electrons have a net drift speed 
that is four times that of thermal speed. We also consider 
a 1% beam number density. The ions are considered to be 
stationary. Since the dynamic time scale associated with the 
Langmuir wave generation is much shorter than typical ion 
temporal scale, it is reasonable to consider the ions to be sta-
tionary. We set the ion-to-electron temperature ratio to 1/7. 
This number is arbitrary, but it must be, in general, small 
in order to avoid heavy damping of the ion-sound waves. 
The initial Langmuir wave and ion-sound wave intensity 
levels are taken at a noise level. We have solved the set of 
Eqs. (1) - (6) by numerical means; the result is shown in  
Fig. 1.

In Fig. 1 we have considered the value of the plasma 
parameter g n1 5 10De

3 3#m= = -^ h . The plasma parameter, 
which is the inverse of the number of particles in a sphere 
of radius equal to the Debye length, is a measure of the col-
lisionality, the smaller the value, the more collisionless the 
plasma.

We also have used the dimensionless wave number 
q kve pe~=  and dimensionless time tpex ~= , where ve = 

T m2 e e
1 2^ h  is the thermal speed. We have integrated, nu-

merically, the weak turbulence equation up to τ = 20000, al-
though the wave intensities are shown only up to τ = 10000. 
The initial levels are shown with dark gray lines and the 
final wave levels are shown with red lines. The intermedi-
ate solutions are displayed with various shades of colors. At 
early temporal ranges, only the primary Langmuir waves 
around q = 0.25 are amplified as a result of the bump-in-tail 
instability. However, in the nonlinear stage of the evolution, 
the combined effects of three-wave decay and nonlinear 
scattering leads to the generation of back-scattered Lang-
muir waves with q roughly equal to q = -0.5. Note also that 
long wavelength (or short q) Langmuir waves are generated 
in the nonlinear stage. These small q Langmuir waves are 
known as condensate modes are responsible for accelerat-
ing/heating the electrons to suprathermal energies. The gen-
eration of ion-sound waves is entirely because of the decay 
instability.

The electron kinetic Eq. (1) is also solved together with 
the wave kinetic equations for Langmuir and ion-sound 
waves. Figure 2 displays the electron VDF as it evolves 
from the initial Gaussian core plus beam into a quasi-kappa-
like VDF. For relatively early time, the familiar quasilin-
ear velocity space plateau formation can be seen. However, 
over a long time scale, a significant heating of the electrons 
in the suprathermal range can be seen. The heated electrons 
form suprathermal tail component which can be fitted with 
a phenomenological kappa distribution with index l  = 3.5. 
The primary reason for the acceleration of electrons is the 
formation of Langmuir condensate mode. Small wave num-
ber allows electrons with high velocity to participate in the 
wave-particle resonance; this process leads to the formation 
of an energetic tail component.

We have shown in Figs. 1 and 2 that, by solving numeri-
cally the weak turbulence equation one may demonstrate the 
acceleration/heating of electrons by self-consistently gener-
ated Langmuir turbulence. However, such a demonstration 
is based upon numerical initial value problem in 1D. It is not 
evident whether the final kappa-like VDF is indeed the true 
steady-state solution or not from a mathematical standpoint. 
Therefore, it is of interest to obtain the true time-asymptotic 
steady-state turbulent equilibrium solution directly by solv-
ing the steady-state weak turbulence equation.

3. STEAdy-STATE TurbuLEncE And SuprATh-
ErmAL ELEcTronS

In a recent series of works one of the present authors 
discussed the asymptotic electron VDF based upon the equa-
tions of weak turbulence theory (Yoon 2011, 2012a). Here, 
we briefly outline the solution. If we consider the steady-
state electron kinetic equation,
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Fig. 1. Langmuir and ion-sound wave intensities versus normalized wave number and dimensionless time.

Fig. 2. Electron distribution function versus velocity, which shows evolution from the initial Gaussian core plus beam VDF to quasi-kappa VDF. 
Kappa value of 3.5 is used to fit the final solution (dotted lines).
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then, by rewriting the above in spherical velocity coordinate 
system, and assuming that the solution is isotropic, we may 
show that the formal solution is given by
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In the above I(k) represents the steady-state Langmuir 
wave spectrum. We have assumed that I(k) is isotropic. 
Upon defining
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One may show that the following set of three-dimen-
sional isotropic electron VDF and the associated three-di-
mensional isotropic Langmuir wave intensity are mutually 
consistent solutions within the context of the formal solu-
tions (9) - (11):
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In the above the parameter l  is arbitrary. However, as 
we shall show later, it can be determined unambiguously 
upon considering the steady-state wave intensity. Since the 
Langmuir intensity I(k) is defined through W(k), one can 
see that Eq. (12) represents a closed solution. However, the 
question is whether the solution W(k), or for that matter, 
I(k) that follows, also satisfies the steady-state wave kinetic 
equation for the Langmuir turbulence.

To discuss the self-consistent steady-state turbulence 
spectrum, we now consider the wave kinetic equation with 
the assumption of .t 02 2 =  Let us first ignore the nonlinear 
wave coupling, and also ignore ion-sound waves. As shown 
in Fig. 1, the ion-sound mode participates in the wave-wave 
interaction but in the asymptotic stage, the wave intensity 
associated with the ion-sound mode is reduced down to the 
level of initial wave level. Moreover, the ion-sound mode 
only participates in the wave-wave interaction, and since 
wave-wave processes do not exchange momentum and en-
ergy with the particles, we may ignore such processes in the 
discussion of asymptotic solutions. The balance of sponta-
neous and induced emissions in the Langmuir wave kinetic 
equation,
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upon making use of the electron VDF given in Eq. (12). 
From Eq. (14) it readily follows that W(k) given by Eq. (12) 
is indeed the self-consistent solution of the steady-state 
wave kinetic equation if we ignore the nonlinear coupling 
term. Here, we remind the readers again that in the solu-
tion (12), the parameter l  is arbitrary. To determine this 
quantity, we now turn to nonlinear term in the wave kinetic 
equation. For this purpose, however, we ignore wave-wave 
interaction terms, for reasons discussed already.

The balance of spontaneous and induced scattering 
terms can be achieved by considering the nonlinear wave-
particle interaction terms in the Langmuir wave kinetic  
Eq. (3)
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Upon simplifying the above equations by retaining 
only those terms which satisfy the nonlinear wave-particle 
resonance conditions we arrive at
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If we write k k kd= +l , and assume that kd  is small, then 
Eq. (16) can be further expressed as
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By equating the quantities within the large square bracket in 
the second line of Eq. (17), we may obtain the solution I(k) 
that satisfies the nonlinear wave kinetic Eq. (17),
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If we compare the basic functional form of Eq. (18) with 
W(k) given by Eq. (12), we may easily conclude that

    
2.25 T T9 4 3 13and i e= = =      (19)

An important consequence of the above findings is that for 
high-energy tail velocity range, the self-consistent electron 
VDF in Eq. (12) must behave as a velocity power-law dis-
tribution,

        
f v v v

1 1
.e 2 2 6 5\ .l+^ h       (20)

In order to verify whether such a prediction may satisfac-
torily explain the observation, we now turn to spacecraft 
observation of solar wind electrons near 1 AU during quiet 
time.

4. SoLAr WInd ELEcTronS

We performed a statistical survey of ~2 - 20 keV su-
perhalo electron observations during quiet times in the in-
terplanetary medium in 2007 - 2008, from the SupraTher-
mal Electron (STE) instrument onboard the STEREO A & 
B spacecraft. The observed quiet-time VDFs of superhalo 
electrons fit well to a power-law, fe ~ v-b, from 2 to 20 keV, 
with b ranging from 5 to 8.7 with an average of 6.69 ± 0.90 
and about half of the points in a peak at 6.5 < b < 7.5. We 
chose to compare the superhalo power-law index with the 
theoretical prediction since the lower velocity range elec-

tron population, often called the halo, has a mixture of su-
prathermal plus strahl components, such that it is not easy 
to extract a clear power-law index. In contrast, the superhalo 
component clearly shows well-defined power-law behavior. 
Figure 3 shows that on 9 January 2007 when WIND and 
two STEREO spacecrafts were close together (< 140 RE 
or ~0.06 AU), the observed superhalo VDFs show similar 
power-laws,  fe ~ v--7.3. About 10 month later when the STE-
REO spacecraft were ~42 deg ecliptic longitude (0.7 AU)  
apart, the superhalo electrons (Fig. 3, insert) show signifi-
cantly different power-laws (exponents of -5.3 and -6.3) 
at the two spacecraft, indicating variations on that spatial 
scale, and possibly temporal variation on a scale of months. 
Note that the role of WIND spacecraft is to provide continu-
ous electron VDF coverage over the halo region, but it does 
not directly affect the superhalo measurement.

Such a variation is not unexpected since the real solar 
wind is not in exact dynamical equilibrium. Nevertheless, 
judging from the fact that theoretical prediction of fe ~ v--6.5 
is intermediate between observed range of power-law indi-
ces (~ v-5.0 to v-8.7 with average v-6.69), we find that the agree-
ment is quite remarkable.

5. concLuSIonS And dIScuSSIon

In the present paper we discussed the problem of (lo-
cal) acceleration of suprathermal electrons arising from 
Langmuir turbulence. We presented an example of self-
consistent electron acceleration by solving numerically the 
equations of weak turbulence theory. In order to facilitate 
the discussion, we chose the problem of bump-in-tail insta-
bility so that the free energy associated with the electron 
beam leads to the rapid excitation of Langmuir turbulence 
and subsequent saturation. Of course in the quiet-time solar 
wind, no electron beam with a positive gradient in velocity 
space is observed at 1 AU. However, the solar wind con-
tains the energetic, highly field-aligned component called 
the strahl. The enhanced Langmuir fluctuation excited by 
these strahl’s may drive the system to time-asymptotic 
steady-state turbulence for the Langmuir wave spectrum. 
It should be noted, however, that we are concerned largely 
with the time-asymptotic state associated with the Lang-
muir turbulence such that the choice of initial configuration 
should not matter. 

We have also presented the theory of steady-state 
Langmuir turbulence and electron acceleration problem by 
solving the set of coupled electron-Langmuir turbulence 
equations. On the basis of such an analysis, we found that 
the steady-state suprathermal electron should behave as  
fe ~ v--6.5. In order to verify this theoretical prediction against 
observation, we took the quiet-time solar wind electrons 
as a representative example of quasi-steady state particle 
population, and compared the velocity power-law spectral 
indices predicted by both theory and observation. We found 
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a reasonable agreement between the theory (v-6.5) and obser-
vation (~v-5.0 to v-8.7 with average v-6.69). On the basis of this 
finding we believe that the local acceleration of energetic 
electrons by Langmuir turbulence may indeed take place in 
the solar wind, and that similar turbulent acceleration pro-
cesses involving other types of wave modes and charged 
particles of different species may take place in other space 
environments.
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